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Abstract
The method of the BRST quantization is considered for the system of
constraints, which form a Lie algebra. When some of the Cartan generators
do not imply any conditions on the physical states, the system contains
the first and the second class constraints. After the introduction auxiliary
bosonic degrees of freedom for these cases, the corresponding BRST charges
with the nontrivial structure of nonlinear terms in ghosts are constructed.
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1 Introduction
The BRST quantization procedure for a system of the first class constraints
is straightforward. By the definition, the first class constraints form a closed
algebra with respect to the commutators (the Poisson brackets). For sim-
plicity we consider only linear algebras – Lie algebras of constraints.
More general systems include the second class constraints as well, whose
commutators contain terms which are nonzero on mass shell (on the subspace
where all constraints vanish). In the simplest cases these terms are a numbers
or central charges, but sometimes, they are operators which act nontrivially
on the space of the physical states. Moreover, the commutators between
these operators and the constraints can be nontrivial. In some cases the
total system of the constraints and the operators mentioned above form a
Lie algebra.
So, in such cases we have a system of operators which form a Lie algebra,
but the physical meaning of different operators is different. Some of them
play the role of constraints and annihilate the physical states, others are
nonzero and simply transform the physical states into other ones. It means,
that in the BRST approach for the description of the corresponding physical
system we can not use the standard BRST charge for the given Lie algebra.
Instead, we have to construct the nilpotent BRST charge in a manner, that
some of the operators play the role of the first class constraints, others are
second class constraints and the others do not imply any conditions on the
physical space of the system.
In this paper we demonstrate the possibility of a different BRST construc-
tions for the system of generators, which form a given Lie algebra and have
different physical meaning. In the second part we describe some algebraic
approaches, leading to the description of massless (or massive) irreducible
representations of the Poincare group in any dimensions. As the simplest ex-
ample we show, that the same algebra of operators leads to either massless,
or massive spectra in the cases when physical meaning of some operators
is different. In the third part we discuss the general method of the BRST
quantization, when some of the Cartan generators are excluded from the to-
tal system of constraints. In the fourth part we describe the construction
of auxiliary representations of the algebra by means of the Gel’fand–Tsetlin
method. In the Section 5 we give the simple example.
2 The description of constraints
In order to kill ghosts the field theoretical lagrangians, describing irreducible
Poincare representations must possess some gauge invariance. Along with
the basic fields such lagrangians in general include additional ones. The role
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of these fields is to single out the irreducible representation of the Poincare
group. Some of them are auxiliary, others can be gauged away. After a
gauge fixing and solving the equations of motion for auxiliary fields one is
left with the only essential field, describing the irreducible representation of
the Poincare group. This field corresponds to the Young tableaux with k
rows
µ1 µ2 µn1
ν1 ν2 νn2
ρ1 ρ2 ρnk
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣
♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣ ♣
♣ ♣ ♣
(2.1)
and is described by Φ(k)µ1µ2···µn1 ,ν1ν2···νn2 ,···,ρ1ρ2···ρnk
(x) which is the n1+n2+· · ·+
nk rank tensor field symmetrical with respect to the permutations of each
type of indices. In addition, this field is subject to the following system of
equations, namely the mass shell and transversality conditions for each type
of indices. In the massless case we have
p2µΦ
(k)
µ1µ2···µn1 ,ν1ν2···νn2 ,···,ρ1ρ2···ρnk
(x) = 0, (2.2)
pµΦ
(k)
µµ2···µn1 ,ν1ν2···νn2 ,···,ρ1ρ2···ρnk
(x) = 0, (2.3)
· · · · · · · · · · · · · · · · · · · · · · · · · · ·
pρΦ
(k)
µ1µ2···µn1 ,ν1ν2···νn2 ,···,ρρ2···ρnk
(x) = 0. (2.4)
Further, all traces of the basic field must vanish:
Φ(k)µµµ3···µn1 ,ν1ν2···νn2 ,···,ρ1ρ2···ρnk
(x) = 0, (2.5)
Φ(k)µµ2µ3···µn1 ,µν2···νn2 ,···,ρ1ρ2···ρnk
(x) = 0, (2.6)
· · · · · · · · · · · · · · · · · · · · · · · · · · ·
Φ(k)µ1µ2···µn1 ,ν1ν2···νn2 ,···,ρρρ3···ρnk
(x) = 0. (2.7)
The correspondence with a given Young tableaux implies, that after sym-
metrization of all indices of one type with one index of another type, the
basic field vanishes, for example
Φ
(k)
{µ1µ2···µn1 ,ν1}ν2···νn2 ,···,ρ1ρ2···ρnk
(x) = 0. (2.8)
To describe all irreducible representations of the Poincare group simultane-
ously it is convenient to introduce an auxiliary Fock space generated by the
creation and annihilation operators ai+µ , a
j
µ with Lorentz index µ = 0, 1, 2, ..., D−
1 and additional internal index i = 1, 2, ..., k. These operators satisfy the fol-
lowing commutation relations
[
aiµ, a
j+
ν
]
= −gµνδij, gµν = diag(1,−1,−1, ...,−1), (2.9)
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where δij is usual Cronecker symbol.
The general state of the Fock space depends on the space-time coordinates
xµ
|Φ〉 = ∑Φ(k)µ1µ2···µn1 ,ν1ν2···νn2 ,···,ρ1ρ2···ρnk (x)× (2.10)
a1+µ1 a
1+
µ2
· · ·a1+µn1a
2+
ν1
a2+ν2 · · · a2+νn2 · · ·a
k+
ρ1
ak+ρ2 · · · ak+ρnk |0〉
and the components Φ(k)µ1µ2···µn1 ,ν1ν2···νn2 ,···,ρ1ρ2···ρnk
(x) are automatically sym-
metrical under the permutations of indices of the same type [1] - [3]. The
norm of states in this Fock space is not positively definite due to the mi-
nus sign in the commutation relation (2.1) for the time components of the
creation and annihilation operators. The transversality conditions (2.3)-(2.4)
for the components are equivalent to the following constraints on the physical
vectors of the Fock space
Li|Φ〉 = 0, (2.11)
where
Li = aiµpµ. (2.12)
These operators along with their conjugates
Li+ = ai+µ pµ. (2.13)
and mass shell operator p2µ form the following algebra with only nonvanishing
commutator [
Li, Lj+
]
= −p2µδij , (2.14)
This simple algebra was considered in [1] in the framework of the BRST ap-
proach. The constraints are of the first class and nilpotent BRST charge can
be constructed without problems. As a result the description of mixed sym-
metry fields was obtained. However, all these fields describe the reducible
representations of the Poincare group due to the absence of additional con-
ditions (2.5)-(2.7) and (2.8) in the initial system of the constraints.
On the other hand, the same algebra of operators arises in the case of
massive particles. The only difference is that the right hand side of the re-
lation (2.14) is now nonvanishing operator. Instead, this operator can have
different eigenvalues p2µ = m
2
n for the different physical states. This situation
was analyzed in [4], where corresponding BRST charge, obviously different
from the one for the massless case, was constructed using the method of
dimensional reduction. As an artifact of this method the construction auto-
matically includes some additional auxiliary variables. So, (2.14) produces
the nontrivial example for the different BRST constructions, corresponding
to different physical meaning of the generators (p2µ in our case). In what
follows we describe the method of alternative constructions of BRST charges
which is valid not only for a simple algebras like (2.14).
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The tracelessness conditions (2.5)-(2.7) correspond in the Fock space to
the constraints
Lij |Φ〉 = 0, (2.15)
with
Lij = aiµa
j
µ, L
ij+ = aj+µ a
i+
µ . (2.16)
while the symmetry properties (2.8) follow from the constraints
T ij |Φ〉 = 0, i < j, (2.17)
having the explicit form
T ij = ai+µ a
j
µ, T
ij+ = aj+µ a
i
µ = Tji. (2.18)
The operators Lij , Lij+ (i, j are arbitrary) and T ij , (i 6= j), along with
the additional operators
H i = −T ii + D
2
= −ai+µ aiµ +
D
2
, (2.19)
form the Lie algebra SO(k + 1, k). The rank of this algebra is k and corre-
sponding Cartan subalgebra contains all operators H i. One can choose the
operators L11 and T i,i+1 as k simple roots. The positive and negative roots
are, correspondingly, Lij , T rs, (1 ≤ r < s ≤ k) and Lij+, T rs, (1 ≤ s <
r ≤ k). It means, that the conditions (2.5)-(2.7) and (2.8) are equivalent to
annihilation of physical states in the total Fock space by the positive roots
of the Lie algebra SO(k + 1, k).
As it can be easily seen, the Cartan generators (2.19) are strictly positive
in the Fock space and therefore the standard BRST charge has to be modified
for the given realization of the SO(k + 1, k) algebra.
The BRST approach to the construction of the lagrangians, from which
all the equations (2.2)-(2.8) follow, is very powerful. It automatically leads
to appearance of all auxiliary fields in the lagrangian. In the massless case
the BRST charge for the system of only first class constraints, corresponding
to the equations (2.2) - (2.4) was constructed in [1].
The methods of such construction were discussed in [5] - [7]. With the
help of additional variables one can modify the second class constraints in
such a way that they become commuting, i.e. the first class. At the same
time the number of physical degrees of freedom for both systems does not
change if the number of additional variables coincides with the number of
second class constraints.
On the other hand, the BRST charge for the second class constraints in
some cases can be constructed using the method of dimensional reduction.
In [4] the system of massive higher spins satisfying equations
(p2µ −m2)Φµ1µ2···µn1 (x) = 0 (2.20)
and
pµΦµµ2···µn1 (x) = 0 (2.21)
was described in the framework of the BRST approach. From the point of
view of D dimensions, where constraint (2.21) is of second class, the D+1-st
components of the creation and annihilation operators appear in the consid-
eration as additional operators. The corresponding BRST charge is nilpotent
and has a very special structure. In particular, the modified constraints have
the algebra, which is not closed. Nevertheless, the nontrivial structure of
trilinear terms in ghosts in the BRST charge compensates this defect and
makes the BRST charge to be nilpotent. Another example of BRST charge
for the system, including second class constraints was obtained in [8]. It
reproduces some properties of the BRST charge of [4]: the algebra of mod-
ified constraints is not closed and trilinear terms in ghosts are nontrivial as
well. Moreover, the BRST charge contains terms up to the seventh degree in
ghosts. In the next Section we will describe the simple method, which allows
to one to construct the nilpotent BRST charges for a given Lie algebra, when
some generators are treated as the second class constraints. As a particular
case, this method reproduces the results obtained in [4] and [8].
3 The general method
In this section, we describe the method of the BRST construction, which
leads to the desirable division of the generators of a given Lie algebra into
the first and second class constraints. Let H i, (i = 1, ..., k) and Eα be
the Cartan generators and root vectors of the algebra with the following
commutation relations
[
H i, Eα
]
= α(i)Eα, (3.1)
[
Eα, E−α
]
= αiH i, (3.2)
[
Eα, Eβ
]
= NαβEα+β . (3.3)
Roots α(i) and parameters αi, Nαβ are structure constants of the algebra in
the Cartan - Weyl basis. Our goal is to construct nilpotent BRST charge,
which after quantization leads to the following conditions: all positive root
vectors Eα (α > 0) of the algebra annihilate the physical states. Contrary,
the operators H i which form the Cartan subalgebra may or may not be
constraints, depending on the physical nature of these operators.
The simplest case, when all Cartan generators annihilate the physical
states, is well known. We introduce the set of anticommuting variables ηi, ηα,
η−α = η
+
α , having ghost number one and corresponding momenta P i,P−α =
5
P+α ,Pα, with the commutation relations:
{ηi,Pk} = δik, {ηα,P−β} = {η−α,Pβ} = δαβ (3.4)
we define the “ghost vacuum” as
ηα|0〉 = Pα|0〉 = P i|0〉 = 0 (3.5)
for positive roots α. The BRST charge for the Cartan - Weyl decomposition
of the algebra has a standard form
Q =
∑
i
ηiH
i +
∑
α>0
(
ηαE
−α + η−αE
α
)
− 1
2
∑
αβ
Nαβη−αη−βPα+β +
∑
α>0,i
{α(i) (ηiηαP−α − ηiη−αPα) + αiηαη−αP i} (3.6)
The physical states are then the cohomology classes of the BRST operator.
The quantization in this case is equivalent to the quantization a` la Gupta
- Bleuler, because physical states satisfy equations H i|Phys〉 = 0 and
Eα|Phys〉 = 0 only for positive values of α.
The situation changes when some of the Cartan operatorsH i, sayH il, l =
1, 2, ...N are nonvanishing from the physical reasons. In this case the follow-
ing method can be used.
First of all we construct some auxiliary representation for the generators
H i, Eα of the algebra in terms of additional creation and annihilation oper-
ators. The only condition for this representation is that it depends on some
parameters hn. The total number of these parameters is equal to the number
of the Cartan generators, which are nonzero in the physical sector. In what
follows, we consider the realizations of the algebra with a linear dependence
of the Cartan generators on these parameters: Hˆm(h) = H˜m + cmn h
n, where
cmn are some constants. The h
n dependence of other generators can be arbi-
trary. In the next section we describe the general method of construction of
such representations. Here we simply assume that they exist.
The next step is to consider the realization of the algebra as a sum of
”old” and ”new” generators
Hi = H i + Hˆ i(h), Eα = Eα + Eˆα(h).
The BRST charge for the total system has the same form as (3.6), with
modified generators:
Q = ∑
i
ηiHi +
∑
α>0
(
ηαE−α + η−αEα
)
− 1
2
∑
αβ
Nαβη−αη−βPα+β +
∑
α>0,i
{α(i) (ηiηαP−α − ηiη−αPα) + αiηαη−αP i} (3.7)
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The ghost variables ηil , correspond to the set of nonvanishing generators H
il
and therefore one needs to remove the ηil dependence
Qil = ηil{H il + H˜ il + cilnhn +
∑
β>0
α(il) (ηβP−β − η−βPβ)}. (3.8)
from the BRST charge. For this purpose consider an auxiliary N - di-
mensional space with coordinates xil and conjugated momenta p
il , where
cilnh
n = pil: [
xil , p
in
]
= iδinil . (3.9)
After the similarity transformation, which corresponds to the dimensional
reduction [4]
Q˜ = eipiilxilQe−ipiilxil , (3.10)
where
piil = H il + H˜ il ++
∑
β>0
α(il) (ηβP−β − η−βPβ) (3.11)
the transformed BRST charge Q˜ does not depend on the ghost variables ηil .
All parameters pil in the BRST charge are replaced by the corresponding
operators piil. The transformation (3.10) does not change the nilpotency
property of the BRST charge. It means that the P il independent part Q˜0 of
the total charge Q˜ is nilpotent as well. Moreover, as a consequence of the
nilpotency of Q˜ all coefficients at the corresponding antighost operators P il
commute with Q˜0. One can show that the quantization with the help of the
BRST operator Q˜0 will lead to the desirable reduced system of constraints
on the physical states.
4 Construction of auxiliary representations
of the algebra
Consider the highest weight representation of the algebra under consideration
with the highest weight vector |Φ〉 annihilated by the positive roots
Eα|Φ〉 = 0 (4.1)
and being the proper vector of the Cartan generators
H i|Φ〉 = hi|Φ〉. (4.2)
As it was shown by Gelfand and Tsetlin [9], each of the vectors of the ir-
reducible representation with a given highest weight can be associated with
the so called Gelfand-Tsetlin scheme. Corresponding scheme for U(k) algebra
has the following form:
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m1,k m2,k mk−1,k mk,k
m1,k−1 . mk−1,k−1
. . . . . . . . .
m12 m22
m11
The first row of the scheme is defined by the highest weight components:
mi,k = h
i. (4.3)
This row is fixed for a given irreducible representation of U(k). All other
rows contain arbitrary numbers under the following conditions:
mij ≥ mi,j−1 ≥ mi+1,j , j = 2, ..., k; i = 1, ..., k − 1. (4.4)
Any choice of this numbers, consistent with (4.4), corresponds to a fixed
vector in the irreducible representation. All these vectors are orthonormal.
The total number of mi,j coincides with the number of positive roots of the
algebra U(k). This is true for any semisimple algebra. It means, that all
such vectors can be represented in an auxiliary Fock space, generated by
the oscillators bi,j, b
+
i,j , which are in one to one correspondence with numbers
mi,j. So the vector, which corresponds to the Gelfand - Tsetlin scheme given
above has the following form
|{mi,j}〉 =
∏
i,j
1
(mi,j − κi,j)1/2 (b
+
i,j)
(mi,j−κi,j)|0〉, (4.5)
where κi,j are some fixed parameters, connected with the weights h
i. Having
at hands all matrix elements of generators [9] one can easily reconstruct
the expressions for the generators in terms of oscillators bi,j, b
+
i,j . They will
depend on k parameters hi and give the needed auxiliary representation of
the algebra. Below we construct such representation for the simplest example
of SO(2, 1) to illustrate the method of the BRST construction described in
the previous section.
5 The simple example
In this section we consider SO(2, 1) algebra of constraints. The Fock space
introduced in the Section 2 is spanned by only one oscillator. This system
describes higher spin irreducible representations of the Poincare algebra cor-
responding to the Young tableaux with only one row. The total system of
generators includes
L1 = aµpµ, L−1 = a
+
µ pµ, L0 = p
2
µ, [L1, L−1] = −L0, (5.1)
L2 = aµaµ, L−2 = a
+
µ a
+
µ , [L2, L−2] = −a+µ aµ −
D
2
≡ G0, (5.2)
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where D is the dimensionality of the space – time. The last three operators
L2, L−2 and G0 form an SO(2, 1) algebra. The first three operators in (5.1)
transform as a representation of this algebra and they can be included in
the BRST charge rather trivially. So, the main problem is to construct the
BRST charge for SO(2, 1) algebra under the condition, that the operator G0
is not a constraint in the physical subspace, since G0 is positively definite in
the whole Fock space.
Using the results of the previous Section one can easily construct the
auxiliary representation of the algebra SO(2, 1) in terms of one additional
timelike oscillator [b, b+] = −1:
Lˆ2 =
√
h+ b+b b,
Lˆ−2 = b
+
√
h+ b+b, (5.3)
Gˆ0 = G˜0 − h, G˜0 = −2b+b. (5.4)
The BRST charge for modified generators
L2 = L2 + Lˆ2, L−2 = L−2 + Lˆ−2, G0 = G0 + Gˆ0 (5.5)
takes the following form
Q = η0G0 + η2L−2 + η−2L2 − 2η0η2P−2 + 2η0η−2P2 + η2η−2P0 (5.6)
As the result of similarity transformation described in the Section 3, the
coefficient at ghost variable η0 vanishes and the following replacement of
parameter h takes place:
h→ G0 − 2b+b+ 2P−2η2 + 2η−2P2 (5.7)
The resulting nilpotent BRST charge after removing of the antighost variable
P0 looks as follows
Q0 = η2{L−2 + b+
√
G0 − b+b+ 2P−2η2 + 2η−2P2}+ (5.8)
η−2{L2 +
√
G0 − b+b+ 2P−2η2 + 2η−2P2 b}.
the inclusion of the constraints L0, L1 and L−1 into the BRST charge is
trivial. After the corresponding gauge fixing and solving the equations of
motion for some of the auxiliary fields, one obtains the BRST quantized
lagrangian, given in [10].
6 Conclusions
In this paper we have demonstrated the various constructions of the nilpo-
tent BRST charges for a given algebra of constraints. The identification of
9
the generators of the algebra with the constraints on the physical states is
model–dependent and therefore after the quantization these BRST charges
lead to the different spectrum of the physical states.
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